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Abstract
Let k be a perfect field of characteristic p, Xi (i = 1, 2) smooth k-schemes, fi : Xi → A
1
k
two k-morphisms of finite type, and f : X1 ×k X2 → A
1
k the morphism defined by f(z1, z2) =
f1(z1) + f2(z2). For each i ∈ {1, 2}, let xi be a k-rational point in the fiber f
−1
i
(0) such that fi is
smooth on Xi −{xi}. Using the ℓ-adic Fourier transformation and the stationary phase principle
of Laumon, we prove that the vanishing cycles complex of f at x = (x1, x2) is the convolution
product of the vanishing cycles complexes of fi at xi (i = 1, 2).
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Introduction
Let fi : (C
ni , 0) → (C, 0) (i = 1, 2) be two germs of analytic functions with isolated critical points,
and consider the germ f : (Cn1+n2 , 0) → (C, 0) defined by f(z1, z2) = f1(z1) + f2(z2). The classical
Thom-Sebastiani Theorem ([15]) states that the vanishing cycles complex of f is isomorphic to the
tensor product of those of f1 and f2. This theorem is not correct for a general field k. Indeed, let
f : Ank → A1k be the k-morphism defined by the quadratic polynomial
f = z21 + · · ·+ z2n
for a field k of characteristic 6= 2, ℓ a prime number distinct from the characteristic of k, Qℓ an
algebraic closure of the field Qℓ of ℓ-adic numbers, and RΦf (Qℓ) the vanishing cycles complex for
the constant ℓ-adic sheaf Qℓ relative to the morphism f . By [5, XV 2.2], we have R
iΦf (Qℓ) = 0
for i 6= n − 1, and Rn−1Φf (Qℓ) is supported at the origin. Let K = k((t)) be the formal Laurent
series field. The stalk (Rn−1Φf (Qℓ))0 at the origin is a one-dimensional Qℓ-vector space on which
Gal(K/K) acts continuously. By [5, XV 2.2.5 D, E], we have
(
Rn−1Φf (Qℓ)
)
0
∼= Vχ
(
−
[n
2
])
.
for some one dimensional Qℓ-vector space Vχ on which Gal(K/K) acts through a character
χ : Gal(K/K)→ Q∗ℓ
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of order 2, where
[
n
2
]
denotes the largest integer that is less than or equal to n2 . Since
[
n
2
]
in the Tate
twist is not linear in n, one sees immediately that the Thom-Sebastiani theorem in terms of tensor
product does not hold for a general field k and quadratic
f1 = z
2
1 + · · ·+ z2n1 , f2 = z2n1+1 + · · ·+ z2n1+n2
if both n1 and n2 are odd.
In [1] (unpublished), Deligne studies the analogue of the Thom-Sebastiani theorem for the variation
morphism, and realizes that the tensor product in the Thom-Sebastiani theorem should be replaced
by the convolution product. Deligne constructs the vanishing cycles complex Vf and the monodromy
Tf associated to f with the aid of those (Vfi , Tfi) (i = 1, 2) associated to fi. Topologically, Vf retracts
to the join Vf1 ∗ Vf2 . This should be translated using convolution.
In [16], using the Fourier transformation, the formula∫
eitf =
∫
eitf1
∫
eitf2 ,
and the asymptotic expansions of such integrals for t → ∞, Varchenko proves a Thom-Sebastiani
theorem for the Hodge spectrum. Inspired by Varchenko’s method, we prove a Thom-Sebastiani
theorem in characteristic p using the Deligne-Fourier transformation.
The Thom-Sebastiani theorem has been studied extensively over C. See for example [6], [7], [13],
[14]. Due to the use of the Deligne-Fourier transformation, our method can not be direcly applied to
the characteristic 0 case. But it suggests that one can use the Fourier transformation for D-modules
to study the Thom-Sebastiani theorem over C.
1 Main result
Throughout this paper, k is a perfect field of characteristic p, and ℓ is a prime number distinct from p.
We assume that for any finite extension k′ of k, the groups Hi(Gal(k′/k),Z/ℓZ) (i ∈ N) are finite. For
any scheme X of finite type over k, the category Dbc(X,Qℓ) constructed in [4, 1.1] is a triangulated
category. Let S be a henselian trait of equal characteristic p with generic point η and special point s
such that k(s) = k, let f : X → S be a morphism of finite type, and let K be an object in Dbc(X,Qℓ).
We refer the reader to [5, XIII] for the definitions and properties of the nearby cycles complex RΨf (K)
and the vanishing cycles complex RΦf(K) relative to the morphism f . We also denote RΨf and RΦf
by RΨ and RΦ for convenience.
Lemma 1.1. Let X → S be a morphism of finite type, let x be a k-rational point in the special fiber
Xs, and let K ∈ obDbc(X,Qℓ). Suppose X − {x} → S is smooth and the sheaves Hq(K)|X−{x} are
lisse for all q.
(i) RΦ(K)|Xs¯−{x} = 0.
(ii) Suppose furthermore that X is pure of dimension n and regular at x, and K is a lisse sheaf.
Then RiΦ(K) vanishes for i 6= n− 1, and Rn−1Φ(K) is a skyscraper sheaf on Xs¯ supported at x.
Proof. See [10, 2.10]. We give a proof here for completeness. (i) follows from the smooth base change
theorem. Under the assumption of (ii), K[n] is a perverse sheaf on X . By [9, 4.6], RΦ(K[n])[−1] is
2
perverse. Combined with (i), we see that RΦ(K[n])[−1] is a perverse sheaf on Xs¯ supported at x.
Our assertion follows.
Let A1(0) be the henselization of A
1
k at 0, let η0 be its generic point, and let j : η0 →֒ A1(0) be the
canonical open immersion. We can identify a Gal(η¯0/η0)-module with a sheaf on η0. Let (A
1
k×kA1k)(0,0)
be the henselization of A1k ×k A1k at (0, 0), and let
p˜1, p˜2, a˜ : (A
1
k ×k A1k)(0,0) → A1(0)
be the morphisms induced by the two projections p1, p2 : A
1
k ×k A1k → A1k and the addition a : A1k ×k
A1k → A1k of the algebraic group A1k, respectively. Let V1 and V2 be Qℓ-representations of Gal(η¯0/η0),
and regard them as sheaves on η0. By [12, 2.7.1.3], the vanishing cycles complex RΦa˜(p˜
∗
1j!V1⊗L p˜∗2j!V2)
relative to the morphism a˜ is nonzero only at (0, 0) and at degree 1. Recall that the convolution product
of V1 and V2 ([12, 2.7.2]) is the Gal(η¯0/η0)-module
V1 ∗ V2 = R1Φa˜(p˜∗1j!V1 ⊗ p˜∗2j!V2)(0,0).
If V1 and V2 are objects in Dbc(η0,Qℓ), we define their convolution product to be
V1∗V2 = RΦa˜(p˜∗1j!V1 ⊗L p˜∗2j!V2)(0,0).
If Vi (i = 1, 2) are objects Dbc(η0,Qℓ) defined by the Gal(η¯0/η0)-modules Vi (i = 1, 2), respectively,
then (V1∗V2)[1] is the object in Dbc(η0,Qℓ) defined by the Gal(η¯0/η0)-module V1 ∗ V2.
Our main result is the following:
Theorem 1.2. Let fi : Xi → A1k (i = 1, 2) be two flat k-morphisms of finite type, Ki ∈ obDbc(Xi,Qℓ),
X = X1 ×S X2, K = K1 ⊠L K2, and f : X = X1 ×k X2 → A1k the morphism defined by
f(z1, z2) = f1(z1) + f2(z2).
For each i ∈ {1, 2}, let xi be a k-rational point in the fiber f−1i (0). Suppose that Xi is regular, Hq(Ki)
are lisse for all q, and fi|Xi−{xi} is smooth. Denote by x the k-rational point (x1, x2) on X. Denote
respectively by RΦf and RΦfi the vanishing cycles functors relative to the morphisms
X ×A1
k
A1(0) → A1(0), Xi ×A1k A
1
(0) → A1(0)
obtained from f and fi by base change.
(i) X is regular, and f |X−{x} is smooth.
(ii) As objects in Dbc(η0,Qℓ), we have a canonical isomorphism
(RΦf1(K1))x1∗(RΦf2(K2))x2 ∼= (RΦf (K))x.
(iii) Suppose furthermore that for each i, Ki is a lisse sheaf. Let ni = dimOXi,xi , and let n =
n1 + n2. Then as Gal(η¯0/η0)-modules, we have a canonical isomorphism
(Rn1−1Φf1(K1))x1 ∗ (Rn2−1Φf2(K2))x2 ∼= (Rn−1Φf (K))x.
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Example 1.3.
By our construction, the canonical isomorphisms in Theorem 1.2 (ii)-(iii) are associative. Let’s use
Theorem 1.2 to calculate the vanishing cycles complex for the quadratic morphism
f : Ank → A1k, f(z) = z21 + · · ·+ z2n
in the case where chark 6= 2.
First consider the case where n = 1. Then f is a finite morphism. By the proper base change
theorem, we have
RΦf (Qℓ) ∼= RΦ(f∗Qℓ).
We have
f∗Qℓ ∼= Qℓ
⊕
j!Kχ2 ,
where j : A1k −{0} →֒ A1k is the canonical open immersion and Kχ2 is the Kummer sheaf on A1k −{0}
associated to the nontrivial character
χ2 : µ2(k)→ {±1}
of order 2. Let K = k((t)) be the formal Laurent series field, and let Vχ2 be the one dimensional
Qℓ-vector space on which Gal(K/K) acts through the character
Gal(K/K)→ Q∗ℓ , σ 7→ χ2
(σ(√t)√
t
)
.
For the vanishing cycles functor with respect to the identity morphism on A1(0), we have
RΦ(Qℓ) = 0, RΦ(j!Kχ2) = Vχ2 .
Indeed, let η (resp. 0) be the generic (resp. closed) point of A1(0). For any object K in D
b
c(A
1
(0),Qℓ),
RΦ(K) can be identified with the cone of the specialization morphism K0¯ → Kη¯. If K = Qℓ, the
specialization morphism is an isomorphism and hence RΦ(Qℓ) = 0. If K = j!Kχ2 , we have K0¯ = 0
and Kη¯ ∼= Vχ2 . So we have RΦ(j!Kχ2) = Vχ2 . We thus have
R0Φf (Qℓ) ∼= Vχ2
for the quadratic morphism f(z) = z2. By Theorem 1.2, for f = z21 + · · ·+ z2n, we have
(RΦn−1f (Qℓ))0
∼= ∗n(Vχ2 ),
where ∗n denotes the n-th convolution power. Let’s calculate this convolution power.
Fix a nontrivial additive character ψ : Z/p→ Q∗ℓ . Let
g(χ2, ψ) =
∑
x∈F∗p
(
x
p
)
ψ(x)
be the quadratic Gauss sum, and let G(χ2, ψ) is be the one dimensional Qℓ-vector space with
Gal(Fp/Fp) action so that the geometric Frobenius element acts by scalar multiplication by −g(χ2, ψ).
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Let Vǫm be the one dimensional Qℓ-vector space with Gal(Fp/Fp) action so that the geometric Frobe-
nius element acts by scalar multiplication by
(
−1
p
)m
. We can also regard G(χ2, ψ) and Vǫm as
Qℓ-vector spaces with Gal(K/K) action and with Gal(k¯/k) action through the canonical homomor-
phisms
Gal(K/K)→ Gal(k¯/k)→ Gal(Fp/Fp).
We have
G(χ2, ψ)⊗G(χ2, ψ) ∼= Vǫ(−1).
This follows from the formula
(g(χ2, ψ))
2 =
(−1
p
)
p
for the quadratic Gauss sum. We thus have the following formula for the n-th tensor power
⊗n(Vχ2 ⊗G(χ2, ψ)) ∼=
{
Vǫm(−m) if n = 2m is even,
Vχ2 ⊗G(χ2, ψ)⊗ Vǫm(−m) if n = 2m+ 1 is odd.
Let F (0,∞′) be Laumon’s local Fourier transformation [12, 2.4.2.3] associated with the character ψ.
By [12, 2.5.3.1], we have
F (0,∞′)(Vχ2) ∼= Vχ2 ⊗G(χ2, ψ).
By [12, 2.7.2.2 (i)], we have
F (0,∞′)
(
∗n (Vχ2)
)
∼= ⊗nF (0,∞′)
(
Vχ2
)
∼= ⊗n(Vχ2 ⊗G(χ2, ψ))
∼=
{
Vǫm(−m) if n = 2m is even,
Vχ2 ⊗G(χ2, ψ)⊗ Vǫm(−m) if n = 2m+ 1 is odd.
On the other hand, the calculation of [12, 2.5.3.1] shows that
F (0,∞′)(Vǫm(−m)) ∼= Vǫm(−m),
F (0,∞′)(Vχ2 ⊗ Vǫm(−m)) ∼= Vχ2 ⊗G(χ2, ψ)⊗ Vǫm(−m).
By the inversion formula for the local Fourier transformation [12, 2.4.3 (i) c)], we must have
∗n(Vχ2) ∼=
{
Vǫm(−m) if n = 2m is even,
Vχ2 ⊗ Vǫm(−m) if n = 2m+ 1 is odd.
We thus get the following corollary:
Corollary 1.4. Let k be a perfect field of characteristic p 6= 2, let f : Ank → A1k be the k-morphism
defined by
f(z) = z21 + · · ·+ z2n,
and let RΦf (Qℓ) be the vanishing cycles complex of the morphism
Ank ×A1k A
1
(0) → A1(0)
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induced from f by base change. Then with the notation of 1.3, we have
(
Rn−1Φf (Qℓ)
)
0
∼=
{
Vǫm(−m) if n = 2m is even,
Vχ2 ⊗ Vǫm(−m) if n = 2m+ 1 is odd.
Note that the above formulas are compatible with those of [5, XV 2.2.5 D, E] for algebraically
closed field k.
2 Use of Laumon’s local Fourier transformation
The Artin-Schreier morphism
A1k → A1k, t 7→ tp − t
is a Z/p-torsor. Fix a nontrivial additive character ψ : Z/p→ Q∗ℓ . Pushing-forward the Artin-Schreier
torsor using ψ−1, we get a lisse sheaf Lψ on A1k. Denote the inverse image of Lψ under the morphism
A1k ×k A1k → A1k, (t, t′)→ tt′
by Lψ(tt′). Let A1k×kA1k →֒ A1k×kP1k be the open immersion defined by the canonical open immersion
A1k = P
1
k − {∞′} →֒ P1k. Denote by Lψ(tt′) the sheaf on A1k ×k P1k obtained from the sheaf Lψ(tt′)
on A1k ×k A1k by extension by zero. To distinguish the two factors in A1k ×k A1k and in A1k ×k P1k, we
denote objects related to the second factor by symbols with the superscript ′. Denote by P1(∞′) the
henselization of P1k at ∞′, denote by η∞′ its generic point, and denote the restriction of Lψ(tt′) to
A1(0) ×k P1(∞′) also by Lψ(tt′). Fix a uniformizer π of S. We have a k-morphism S → A1k induced by
the k-homomorphism
k[t]→ Γ(S,OS), t 7→ π.
It induces a k-morphism S → A1(0) which we denote also by π. Denote by Lψ(πt′) the inverse image
of Lψ(tt′) under the morphism
S ×k P1(∞′)
π×id
P1
(∞′)→ A1(0) ×k P1(∞′).
Our proof of Theorem 1.2 relies on the following lemma:
Lemma 2.1. Let g : Y → S be a flat morphism of finite type, let K ∈ obDbc(Y,Qℓ), and let y be
a k-rational point in the special fiber g−1(s). Suppose that Y is regular and pure of dimension n,
g|Y−{y} is smooth, and the sheaves Hq(K)|Y−{y} are lisse for all q.
(i) RΦη
∞
′
(
p∗1j!(RΦg(K)y)⊗LLψ(πt′)
)
is supported at (s,∞′), and RΦη
∞
′
(
pr∗1K⊗L(g×idP1
(∞′)
)∗Lψ(πt′)
)
is supported at (y,∞′), where RΦg(K)y is a complex of Gal(η¯/η)-module and is regarded as an object
in Dbc(η,Qℓ), j : η →֒ S is the canonical open immersion, RΦη∞′ denotes the vanishing cycles functors
for the projections
S ×k P1(∞′) → P1(∞′), Y ×k P1(∞′) → P1(∞′),
and p1, pr1 are the projections
p1 : S ×k P1(∞′) → S, pr1 : Y ×k P1(∞′) → Y.
6
(ii) We have a canonical isomorphism
RΦη
∞
′
(
p∗1j!(RΦg(K)y)⊗L Lψ(πt′)
)
(s,∞′)
∼= RΦη
∞
′
(
pr∗1K ⊗L (g × idP1
(∞′)
)∗Lψ(πt′)
)
(y,∞′)
.
(iii) Suppose K is a lisse sheaf. Then RiΦη
∞
′
(
pr∗1K ⊗L (g× idP1
(∞′)
)∗Lψ(πt′)
)
vanishes for i 6= n,
and RnΦη
∞
′
(
pr∗1K ⊗L (g × idP1
(∞′)
)∗Lψ(πt′)
)
is a skyscraper sheaf on Y ×k∞′ supported at (y,∞′).
(iv) Under the condition of (iii), we have a canonical isomorphism of Gal(η¯∞′/η∞′)-modules
F (0,∞′)
(
Rn−1Φg(K)y
) ∼= RnΦη
∞
′
(
pr∗1K ⊗L (g × idP1
(∞′)
)∗Lψ(πt′)
)
(y,∞′)
.
We will prove Lemma 2.1 in §3. Let’s deduce Theorem 1.2 from Lemma 2.1 and the Ku¨nneth
formula for the nearby cycles functor in [9, 4.7].
Proof of Theorem 1.2. Since Xi (i = 1, 2) are regular and k is perfect, Xi are smooth over k, and
hence X = X1 ×k X2 is smooth over k. It follows that X is regular. Note that for any smooth
k-scheme Y and any k-morphism of finite type f : Y → A1k, f is smooth at a k-point y of Y if and
only if df(y) ∈ Ω1Y/k,y ⊗OY ,y k(y) is nonzero, where by abuse of notation, we denote also by f the
image of t under the k-homomorphism
k[t]→ Γ(Y,OY )
corresponding to the k-morphism f . This follows from [8, 17.11.1 (b)⇔ (c′)].
Let’s prove f |X−{x} is smooth. By base change to an algebraic closure of k, we are reduced to the
case where k is algebraically closed. Suppose x(0) = (x
(0)
1 , x
(0)
2 ) is a k-rational point in X = X1×kX2
where f is not smooth. By our assumption, f is smooth on (X1 − {x1}) × (X2 − {x2}). It follows
that either x
(0)
1 = x1 or x
(0)
2 = x2. Without loss of generality, assume x
(0)
1 = x1. If x
(0)
2 6= x2, then
by our assumption, f2 is smooth at x
(0)
2 . By the discussion above, df2 defines a nonzero element in
Ω1
X2/k,x
(0)
2
⊗O
X2,x
(0)
2
k(x
(0)
2 ). Under the identification
Ω1X/k
∼= p∗1Ω1X1/k
⊕
p∗2Ω
1
X2/k
,
where pi : X1×kX2 → Xi (i = 1, 2) are the projections, df is identified with (df1, df2). It follows that
df defines a nonzero element in Ω1
X/k,x(0)
⊗O
X,x(0)
k(x(0)). So f is smooth at x(0). Contradiction. So
we must have x
(0)
2 = x2 and hence x
(0) = x. This proves (i).
By [3, Sommes trig. 1.3.1], we have a canonical isomorphism
(f1 × idP1
k
)∗Lψ(tt′)⊠L (f2 × idP1
k
)∗Lψ(tt′) ∼= (f × idP1
k
)∗Lψ(tt′),
where the external tensor product is taken with respect to the Cartesian diagram
X1 ×k X2 ×k P1k → X2 ×k P1k
↓ ↓
X1 ×k P1k → P1k.
So we have
(
pr∗X1K1⊗L (f1× idP1k)
∗Lψ(tt′)
)
⊠
L
(
pr∗X2K2⊗L (f2× idP1k)
∗Lψ(tt′)
) ∼= pr∗XK ⊗L (f × idP1k)∗Lψ(tt′),
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where
prX : X1 ×k X2 ×k P1k → X1 ×k X2, prX1 : X1 ×k P1k → X1, prX2 : X2 ×k P1k → X2
are the projections. Therefore, we deduce from [9, 4.7] a canonical isomorphism
RΨη
∞
′
(
pr∗X1K1 ⊗L (f1 × idP1k)
∗Lψ(tt′)
)
⊠
L RΨη
∞
′
(
pr∗X2K2 ⊗L (f2 × idP1k)
∗Lψ(tt′)
)
∼= RΨη
∞
′
(
pr∗XK ⊗L (f × idP1k)
∗Lψ(tt′)
)
.
Since pr∗XK ⊗L (f × idP1k)∗Lψ(tt′) vanishes on X ×k∞′, we have
RΦη
∞
′
(
pr∗XK ⊗L (f × idP1k)
∗Lψ(tt′)
) ∼= RΨη
∞
′
(
pr∗XK ⊗L (f × idP1k)
∗Lψ(tt′)
)
,
and we have similar isomorphisms if we replace f by fi and pr
∗
XK by pr
∗
Xi
Ki. So we have a canonical
isomorphism
RΦη
∞
′
(
pr∗X1K1 ⊗L (f1 × idP1k)
∗Lψ(tt′)
)
⊠
L RΦη
∞
′
(
pr∗X2K2 ⊗L (f2 × idP1k)
∗Lψ(tt′)
)
∼= RΦη
∞
′
(
pr∗XK ⊗L (f × idP1k)
∗Lψ(tt′)
)
.
(1)
Combined with Lemma 2.1 (i), we get
RΦη
∞
′
(
pr∗X1K1 ⊗L (f1 × idP1k)
∗Lψ(tt′)
)
(x1,∞′)
⊗L RΦη
∞
′
(
pr∗X2K2 ⊗L (f2 × idP1k)
∗Lψ(tt′)
)
(x2,∞′)
∼= RΦη
∞
′
(
pr∗XK ⊗L (f × idP1k)
∗Lψ(tt′)
)
(x,∞′)
.
By Lemma 2.1 (ii), this induces a canonical isomorphism
RΦη
∞
′
(
p∗1j!(RΦf1(K1)x1)⊗L Lψ(tt′)
)
(0,∞′)
⊗L RΦη
∞
′
(
p∗1j!(RΦf2(K2)x)⊗L Lψ(tt′)
)
(0,∞′)
∼= RΦη
∞
′
(
p∗1j!(RΦf (K)x)⊗L Lψ(tt′)
)
(0,∞′)
,
(2)
and under the assumption of Theorem 1.2 (iii), we get a canonical isomorphism
F (0,∞′)
(
Rn1−1Φf1(K1)x1
)
⊗F (0,∞′)
(
Rn2−1Φf2(K2)x2
)
∼= F (0,∞′)
(
Rn−1Φf (K)x
)
.
By [12, 2.7.2.2 (i)] and the inversion formula for local Fourier transformation [12, 2.4.3 (i) c)], under
the assumption of Theorem 1.2 (iii), we have a canonical isomorphism
Rn1−1Φf1(K1)x1 ∗Rn2−1Φf2(K2)x2 ∼= Rn−1Φf (K)x.
The argument in the proof of various results in [12] also shows that in general we have a canonical
isomorphism
RΦf1(K1)x1∗RΦf2(K2)x2 ∼= RΦf (K)x.
We give a detailed argument for completeness. Choose L,L1, L2 ∈ obDbc(A1k − {0},Qℓ) such that
L|η0 ∼= RΦf (K)x, L1|η0 ∼= RΦf1(K1)x1 , L2|η0 ∼= RΦf2(K2)x2 ,
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and such that Hq(L), Hq(L1), Hq(L2) are lisse on A1k − {0} and tamely ramified at ∞ for all q. The
existence of L,L1, L2 follows from Lemma 2.2 below. Let
F : Dbc(A1k,Qℓ)→ Dbc(A1k,Qℓ)
be the Deligne-Fourier transformation ([12, 1.2.1.1]), and let ι : A1k−{0} →֒ A1k be the canonical open
immersion. By the same argument as the proof of [12, 2.3.3.1] (which relies on [12, 1.3.1.2]), by the
fact that Hq(L) and Hq(Li) are lisse on A1k − {0} and tamely ramified at ∞, and by [12, 2.4.3 (iii)
b)], we have
F(ι!L)[−1]|η
∞
′
∼= RΦη
∞
′
(
p∗1j!(RΦf (K)x)⊗L Lψ(tt′)
)
(0,∞′)
,
F(ι!L1)[−1]|η
∞
′
∼= RΦη
∞
′
(
p∗1j!(RΦf1(K1)x1)⊗L Lψ(tt′)
)
(0,∞′)
,
F(ι!L2)[−1]|η
∞
′
∼= RΦη
∞
′
(
p∗1j!(RΦf2(K2)x2)⊗L Lψ(tt′)
)
(0,∞′)
.
So we can write the isomorphism (2) as
(F(ι!L1)⊗L F(ι!L2))[−2]|η
∞
′
∼= F(ι!L)[−1]|η
∞
′
.
By [12, 1.2.2.7], we get the isomorphism
F(ι!L1 ∗ ι!L2)|η
∞
′
∼= F(ι!L)|η
∞
′
,
where ι!L1 ∗ ι!L2 is the (global) convolution product of ι!L1 and ι!L2 ([12, 1.2.2.6]). By the above
isomorphism and Lemma 2.3 below, we have
RΦη0(ι!L1 ∗ ι!L2) ∼= RΦη0(ι!L),
where RΦη0 denotes the vanishing cycles functor relative to the identity morphism on A
1
(0). By [12,
2.7.1.1 (iii)], this last isomorphism is exactly
RΦf1(K1)x1∗RΦf2(K2)x2 ∼= RΦf (K)x.
Lemma 2.2. For any object K in Dbc(η0,Qℓ), there exists an object K in D
b
c(A
1
k −{0},Qℓ) such that
K|η0 ∼= K and such that Hq(K) are lisse on A1k − {0} and tamely ramified at ∞ for all q.
Proof. By the description of the derived category of ℓ-adic sheaves in [4, 1.1], there exists a finite
extension E of Qℓ such that K is given by an object in D
b
c(η0, R), where R is the integer ring of E.
Let λ be a uniformizer of R. The object K corresponds to a projective system defined by complexes
Kn ∈ obDctf(η0, R/(λn)) and isomorphisms
Kn+1 ⊗LR/(λn+1) R/(λn) ∼= Kn
in Dctf (η0, R/(λ
n)). By [3, Rapport 4.6], we can represent each Kn by a bounded complex so that all
components Kin (i ∈ Z) are constructible flat sheaves of R/(λn)-modules on η0. As η0 is the spectrum
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of a field, a flat constructible sheaf of R/(λn)-modules is just a free R/(λn)-module of finite rank with
a continuous Gal(η¯0/η0)-action. Denote A
1
k−{0} by Gm,k, and let π1(Gm,k, η¯0)tame,∞ be the quotient
of π1(Gm,k, η¯0) classifying finite etale coverings of Gm,k tamely ramified at ∞. By [12, 2.2.2.2], the
composite of the canonical homomorphisms
Gal(η¯0/η0) = π1(η0, η¯0)→ π1(Gm,k, η¯0)։ π1(Gm,k, η¯0)tame,∞
has a retraction
r : π1(Gm,k, η¯0)
tame,∞ → Gal(η¯0/η0).
Through the composite
π1(Gm,k, η¯0)։ π1(Gm,k, η¯0)
tame,∞ r→ Gal(η¯0/η0),
each free R/(λn)-module of finite rank with a continuous Gal(η¯0/η0)-action can be endowed with a
continuous π1(Gm,k, η¯0)-action extending the given action of Gal(η¯0/η0) at 0 and tamely ramified
at ∞. In particular, each component Kin of the complex Kn now becomes a free R/(λn)-module
of finite rank with continuous π1(Gm,k, η¯0)-action extending the given action of Gal(η¯0/η0) at 0 and
tamely ramified at ∞. We thus get a lisse constructible flat sheaf Kin of R/(λn)-modules on Gm,k
tamely ramified at ∞ with the property Kin|η0 = Kin. The differential morphisms diKn : Kin → Ki+1n
for the complex Kn are linear maps compatible with the Gal(η¯0/η0)-action, and induce linear maps
compatible with the π1(Gm,k.η¯0)-action. So they define morphisms of sheaves d
i
Kn
: K
i
n → K
i+1
n
with the property d ◦ d = 0. We thus get a complex Kn ∈ obDctf(Gm,k, R/(λn)) with the property
Kn|η0 ∼= Kn. Finally let’s prove the isomorphisms
Kn+1 ⊗LR/(λn+1) R/(λn) ∼= Kn
in Dctf (η0, R/(λ
n)) can be extended to isomorphisms
Kn+1 ⊗LR/(λn+1) R/(λn) ∼= Kn
in Dctf (Gm,k, R/(λ
n)). The projective system (Kn) ∈ obDbc(Gm,k, R) then defines an object K in
obDbc(Gm,k,Qℓ) with the required property. Since components of Kn+1 are free R/(λ
n+1)-modules
of finite rank, we have
Kn+1 ⊗LR/(λn+1) R/(λn) ∼= Kn+1 ⊗R/(λn+1) R/(λn).
The isomorphism Kn+1⊗LR/(λn+1) R/(λn) ∼= Kn in Dctf(η0, R/(λn)) can be represented by a diagram
L
↓ ց
Kn+1 ⊗R/(λn+1) R/(λn) Kn,
where the two arrows are quasi-isomorphisms. By [3, Rapport 4.7], we may assume L is a bounded
above complex of freeR/(λn)-modules of finite rank with continuous Gal(η¯0/η0)-action. Again through
the composite
π1(Gm,k, η¯0)։ π1(Gm,k, η¯0)
tame,∞ r→ Gal(η¯0/η0),
10
we can extend L to a complex L of lisse constructible flat sheaves of R/(λn)-modules on Gm,k and
extend the above diagram to a diagram
L
↓ ց
Kn+1 ⊗R/(λn+1) R/(λn) Kn
of complexes of lisse sheaves of Gm,k so that the two arrows are quasi-isomorphisms. This defines the
isomorphism
Kn+1 ⊗R/(λn+1) R/(λn) ∼= Kn
in Dctf (Gm,k, R/(λ
n)) that we are seeking.
Lemma 2.3. Let L1, L2 ∈ obDbc(A1k,Qℓ). If F(L1)|η∞′ ∼= F(L2)|η∞′ , then RΦη0(L1) ∼= RΦη0(L2).
Proof. Let L ∈ obDbc(A1k,Qℓ) and let L′ = F(L). By the inversion formula for the Deligne-Fourier
transformation [12, 1.2.2.1], we have
F ′(L′) = b∗L(−1),
where b : A1k → A1k is the morphism defined by t 7→ −t, and F ′ denote the Deligne-Fourier transfor-
mation for the dual of A1k (which is the second factor of A
1
k ×k A1k). So we have
RΦη0(L) = b
∗RΦη0(F ′(L′))(1).
By [12, 2.3.2.1 (i)] (which relies on [3, Th. finitude 2.16]), RΦη0(F ′(L′)) depends only on L′|η∞′ =
F(L)|η
∞
′
. Our assertion follows.
Remark 2.4. We expect that Theorem 1.2 still holds if we just assume Hq(Ki)|Xi−{xi} are lisse for
all q. The difficulty is that we don’t know whether this weaker condition implies that RΦf (K)
is supported at x. Using Lemma 2.1 (i) and the canonical isomorphism (1), one can show that
RΦη
∞
′
(
pr∗XK ⊗L (f × idP1k)∗Lψ(tt′)
)
is supported at (x,∞′) under this condition.
3 Proof of Lemma 2.1
We first prove Lemma 2.1 (i) and (iii).
Proof of Lemma 2.1 (i) and (iii). That RΦη
∞
′
(
p∗1j!(RΦg(K)y) ⊗L Lψ(πt′)
)
is supported at (s,∞′)
follows from [12, 2.4.2.2] and the fact that the functor RΦη
∞
′
(
p∗1j!(−) ⊗L Lψ(πt′)
)
is exact. Here
1/t′ is a uniformizing parameter π′ on P1(∞′), and in Laumon’s notation, Lψ(πt′) is Lψ(π/π′). By
[12, 1.3.1.2], RΦη
∞
′
(Lψ(πt′)) vanishes on S ×k ∞′. On the other hand, g × idP1
(∞′)
is smooth on
(Y −{y})×k P1(∞′), and Hq(K)|Y−{y} are lisse for all q. By the smooth base change theorem and the
projection formula, we have
RΦη
∞
′
(
pr∗1K ⊗L (g × idP1
(∞′)
)∗Lψ(πt′)
)
|(Y−{y})×k∞′
∼= (pr∗1K)|(Y−{y})×k∞′ ⊗L
(
(g × id∞′)∗RΦη
∞
′
(Lψ(πt′))
)
|(Y−{y})×k∞′
= 0.
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It follows that RΦη
∞
′
(
pr∗1K ⊗L (g × idP1
(∞′)
)∗Lψ(πt′)
)
is supported at (y,∞′). This proves Lemma
2.1 (i).
Note that the restriction of Lψ(πt′) to S×kη∞′ is a lisse sheaf. So under the assumption of (iii), the
restriction of pr∗1K ⊗L (g × idP1
(∞′)
)∗Lψ(πt′)[n] to Y ×k η∞′ is perverse. By [9, 4.5], RΨη
∞
′
(
pr∗1K ⊗L
(g × idP1
(∞′)
)∗Lψ(πt′)
)
[n] is perverse on Y ×k ∞′. Note that pr∗1K ⊗L (g × idP1
(∞′)
)∗Lψ(πt′) vanishes
on Y ×k∞′. So we have
RΦη
∞
′
(
pr∗1K ⊗L (g × idP1
(∞′)
)∗Lψ(πt′)
) ∼= RΨη
∞
′
(
pr∗1K ⊗L (g × idP1
(∞′)
)∗Lψ(πt′)
)
.
Hence RΦη
∞
′
(
pr∗1K⊗L (g× idP1
(∞′)
)∗Lψ(πt′)
)
[n] is a perverse sheaf on Y ×k∞′ supported at (y,∞′).
Lemma 2.1 (iii) then follows.
Lemma 3.1. Let K be an object in Dbc(S,Qℓ), let
p1 : S ×k P1(∞′) → S, p2 : S ×k P1(∞′) → P1(∞′)
be the projections, and let j : η →֒ S be the canonical open immersion. We have a canonical isomor-
phism
RΦη
∞
′
(
p∗1K ⊗L Lψ(πt′)
) ∼= RΦη
∞
′
(
p∗1
(
j!RΦη(K)
)⊗L Lψ(πt′)
)
,
where RΦη
∞
′
denotes the vanishing cycles functor with respect to the projection p2, RΦη(K) denotes
the vanishing cycles complex of K relative to idS , which is a complex of Gal(η¯/η)-modules and is
regarded as an object in Dbc(η,Qℓ), and can be identified with the cone of the specialization morphism
Ks¯ → Kη¯.
Proof. Let E be a finite extension of Qℓ in Qℓ containing im(ψ), let R be the integral closure of Zℓ in
E, and let λ be a uniformizer of R. It suffices to prove the same assertion for any complex K of sheaves
of R/(λm)-modules for any positive integer m. For convenience, write Λ for R/(λm). For any scheme
X , denote by C(X,Λ) the triangulated category of complexes of etale sheaves of Λ-modules on X
with morphisms being homotopy classes of morphisms of complexes. Let S˜ be the strict henselization
of S at a geometric point s¯ over s. Fix notation by the following commutative diagram:
η¯
j¯→ S˜ i¯← s¯
↓ ↓ ↓
η
j→ S i← s.
For any complex K ∈ obC(S,Λ), we have
RΓ(s¯, RΨη(K)) = RΓ(s¯, i¯
∗Rj¯∗j¯
∗(K|S˜))
∼= Γ(s¯, i¯∗j¯∗j¯∗(K|S˜))
∼= Kη¯.
So RΨη(K) corresponds to the complex Kη¯ of Λ-modules with Gal(η¯/η)-action. Recall that RΦη(K)
is the mapping cone of the canonical morphism i¯∗(K|S˜)→ RΨη(K).
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Let I be the inertia subgroup of Gal(η¯/η), that is, the kernel of the canonical epimorphism
Gal(η¯/η)→ Gal(s¯/s). The functor
K 7→ (i∗K, j∗K, i∗K → i∗j∗j∗K)
defines an equivalence of categories from the category C(S,Λ) to the category of triples
(F,G, F → GI),
where F is a complex of Λ-modules with Gal(s¯/s)-action which can be identified with an object in
C(s,Λ), G is a complex of Λ-modules with Gal(η¯/η)-action which can be identified with an object in
C(η,Λ), and F → GI is an equivariant morphism complexes. Given an object K in C(S,Λ), consider
the triples
K ′ = (Ks¯,Ks¯,Ks¯
id→ Ks¯), K = (Ks¯,Kη¯,Ks¯ → KIη¯).
Note that the second object is exactly the triple associated to K and hence is denoted by K. The first
object corresponds to a complex of constant sheaves on S. We have a canonical morphism K ′ → K.
Let K ′′ be the mapping cone of K ′ → K. Then the canonical morphism j!j∗K ′′ → K ′′ defines a
quasi-isomorphism j!RΦη(K)→ K ′′. We thus have a distinguished triangle
K ′ → K → j!RΦη(K)→
in the derived category D(S,Λ). It gives rise to a distinguished triangle
RΨη
∞
′
(
p∗1K
′ ⊗L Lψ(πt′)
)
→ RΨη
∞
′
(
p∗1K ⊗L Lψ(πt′)
)
→ RΨη
∞
′
(
p∗1
(
j!RΦη(K)
)⊗L Lψ(πt′)
)
→,
which can be identified with a distinguished triangle
RΦη
∞
′
(
p∗1K
′ ⊗L Lψ(πt′)
)
→ RΦη
∞
′
(
p∗1K ⊗L Lψ(πt′)
)
→ RΦη
∞
′
(
p∗1
(
j!RΦη(K)
)⊗L Lψ(πt′)
)
→
because Lψ(πt′) vanishes on S ×k ∞′. Since K ′ corresponds to a complex of constant sheaves on S,
we have
RΦη
∞
′
(
p∗1K
′ ⊗L Lψ(πt′)
)
= 0
by [12, 1.3.1.2]. (Note that [12, 1.3.1.2] holds also for the torsion coefficients Λ as its proof in [11,
Appendice 2.4] shows.) We thus have
RΦη
∞
′
(
p∗1K ⊗L Lψ(πt′)
) ∼= RΦη
∞
′
(
p∗1
(
j!RΦη(K)
)⊗L Lψ(πt′)
)
.
Lemma 3.2. Let f : X → S a morphism, x a k-rational point in the special fiber f−1(s), X(x) the
henselization of X at x, f(x) : X(x) → S the morphism induced by f , and K ∈ obDbc(X,Qℓ). Then
we have a canonical isomorphism
RΦ(Rf(x)∗(K|X(x))) ∼= (RΦ(K))x.
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Proof. Let X(x¯) (resp. S˜) be the strict henselization of X (resp. S) at a geometric point x¯ (resp. s¯)
over x (resp. s). Since x is a k-rational point, we have X(x¯) ∼= X(x) ×S S˜. Let f(x¯) : X(x¯) → S˜ be the
morphism induced by f . It can be identified with the base change of f(x) : X(x) → S. Fix notation
by the following commutative diagram:
X(x¯) ×S˜ η¯ → X(x¯) ← X(x¯) ×S˜ s¯
f(x¯),η¯ ↓ ↓ f(x¯) ↓ f(x¯),s¯
η¯
j¯→ S˜ i¯← s¯.
For convenience, denote the restrictions ofK toX(x),X(x¯) andX(x¯)×S˜ η¯ also byK. Then RΦ(Rf(x)∗K)
is the mapping cone of the canonical morphism
i¯∗Rf(x¯)∗K → i¯∗Rj¯∗j¯∗Rf(x¯)∗K.
We have
RΓ(s¯, i¯∗Rf(x¯)∗K) ∼= RΓ(S˜, Rf(x¯)∗K)
∼= RΓ(X(x¯),K),
RΓ(s¯, i¯∗Rj¯∗j¯
∗Rf(x¯)∗K) ∼= RΓ(S˜, Rj¯∗j¯∗Rf(x¯)∗K)
∼= RΓ(η¯, j¯∗Rf(x¯)∗K)
∼= RΓ(η¯, Rf(x¯),η¯∗K)
∼= RΓ(X(x¯) ×S˜ η¯, K).
It follows that RΦ(Rf(x)∗K) can be identified with the mapping cone of the canonical morphism
RΓ(X(x¯),K)→ RΓ(X(x¯) ×S˜ η¯, K).
The later is exactly (RΦ(K))x.
Under the assumption of Lemma 2.1, let Y(y) be the henselization of Y at y, and let g(y) : Y(y) → S
be the morphism induced by g. Fix notation by the following commutative diagram:
Y(y) ×k P1(∞′)
g(y)×idP1
(∞′)→ S ×k P1(∞′)
p2→ P1(∞′)
pr1(y) ↓ p1 ↓ ↓
Y(y)
g(y)→ S → Spec k.
Denote the restriction of K to Y(y) also by K. We have canonical morphisms
RΨη
∞
′
(
p∗1Rg(y)∗K ⊗L Lψ(πt′)
)
∼= RΨη
∞
′
(
R(g(y) × idP1
(∞′)
)∗pr
∗
1(y)K ⊗L Lψ(πt′)
)
(smooth base change theorem)
∼= RΨη
∞
′
(
R(g(y) × idP1
(∞′)
)∗
(
pr∗1(y)K ⊗L (g(y) × idP1
(∞′)
)∗Lψ(πt′)
))
(projection formula)
→ R(g(y) × id∞′)∗RΨη
∞
′
(
pr∗1(y)K ⊗L (g(y) × idP1
(∞′)
)∗Lψ(πt′)
)
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Since p∗1Rg(y)∗K ⊗L Lψ(πt′) and pr∗1(y)K ⊗L (g(y) × idP1(∞′))
∗Lψ(πt′) vanish on the fibers over ∞′,
their vanishing cycles complex and nearby cycles complex coincide. So the composite of the above
canonical morphisms can be identified with a canonical morphism
RΦη
∞
′
(
p∗1Rg(y)∗K ⊗L Lψ(πt′)
)
→ R(g(y) × id∞′)∗RΦη
∞
′
(
pr∗1(y)K ⊗L (g(y) × idP1
(∞′)
)∗Lψ(πt′)
)
.
Applying Lemma 3.1 to the complex Rg(y)∗K on S, we get a canonical isomorphism
RΦη
∞
′
(
p∗1Rg(y)∗K ⊗L Lψ(πt′)
) ∼= RΦη
∞
′
(
p∗1
(
j!RΦ(Rg(y)∗K)
)⊗L Lψ(πt′)
)
.
By Lemma 3.2, we have
RΦ(Rg(y)∗K) ∼= (RΦg(K))y .
We thus get a canonical morphism
RΦη
∞
′
(
p∗1
(
j!(RΦg(K))y
)⊗LLψ(πt′)
)
→ R(g(y)× id∞′)∗RΦη
∞
′
(
pr∗1(y)K⊗L (g(y)× idP1
(∞′)
)∗Lψ(πt′)
)
.
By Lemma 2.1 (i) that we have shown at the beginning of this section, this gives rise to a canonical
morphism
RΦη
∞
′
(
p∗1
(
j!(RΦg(K))y
)⊗L Lψ(πt′)
)
(s,∞′)
→ RΦη
∞
′
(
pr∗1K ⊗L (g × idP1
(∞′)
)∗Lψ(πt′)
)
(y,∞)
.
(3)
Under the assumption of Lemma 2.1 (iii), taking the n-th cohomology on both sides and using the
definition of F (0,∞′) in [12, 2.4.2.3], we get a canonical morphism
F (0,∞′)
(
Rn−1Φg(K)y
)
→ RnΦη
∞
′
(
pr∗1K ⊗L (g × idP1
(∞′)
)∗Lψ(πt′)
)
(y,∞′)
.
Lemma 3.3. Let f : X → S be a proper morphism, and let K ∈ obDbc(X,Qℓ). Suppose X is regular
pure of dimension n, f is smooth at points in f−1(s) − A for a finite set A of k-rational points in
f−1(s) and the sheaves Hq(K)|X−A are lisse for all q. Then for all x ∈ A, the canonical morphisms
RΦη
∞
′
(
p∗1
(
j!(RΦf (K))x
)⊗L Lψ(πt′)
)
(s,∞′)
→ RΦη
∞
′
(
pr∗1K ⊗L (f × idP1
(∞′)
)∗Lψ(πt′)
)
(x,∞)
constructed above are isomorphisms, where pr1 : X ×k P1(∞′) → X is the projection. Suppose further-
more that K is a lisse sheaf. Then the canonical morphisms
F (0,∞′)
(
Rn−1Φf (K)x
)
→ RnΦη
∞
′
(
pr∗1K ⊗L (f × idP1
(∞′)
)∗Lψ(πt′)
)
(x,∞′)
are isomorphisms for all x ∈ A.
Proof. The second statement follows from the first one. To prove the first statement, it suffices to
prove the above canonical morphisms induce an isomorphism
⊕
x∈A
RΦη
∞
′
(
p∗1
(
j!(RΦf (K))x
)⊗L Lψ(πt′)
)
(s,∞′)
→
⊕
x∈A
RΦη
∞
′
(
pr∗1K ⊗L (f × idP1
(∞′)
)∗Lψ(πt′)
)
(x,∞)
.
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Fix notation by the following commutative diagram
X ×k P1(∞′)
f×id
P1
(∞′)→ S ×k P1(∞′)
p2→ P1(∞′)
pr1 ↓ p1 ↓ ↓
X
f→ S → Spec k.
We have canonical isomorphisms
RΨη
∞
′
(
p∗1Rf∗K ⊗L Lψ(πt′)
)
∼= RΨη
∞
′
(
R(f × idP1
(∞′)
)∗pr
∗
1K ⊗L Lψ(πt′)
)
(smooth base change theorem)
∼= RΨη
∞
′
(
R(f × idP1
(∞′)
)∗
(
pr∗1K ⊗L (f × idP1
(∞′)
)∗Lψ(πt′)
))
(projection formula)
∼= R(f × id∞′)∗RΨη
∞
′
(
pr∗1K ⊗L (f × idP1
(∞′)
)∗Lψ(πt′)
)
(proper base change theorem)
Since p∗1Rf∗K ⊗L Lψ(πt′) and pr∗1K ⊗L (f × idP1
(∞′)
)∗Lψ(πt′) vanish on the fibers over ∞′, their
vanishing cycles complex and nearby cycles complex coincide. So the stalk at (s,∞′) of the composite
of the above canonical isomorphisms can be identified with
RΦη
∞
′
(
p∗1Rf∗K ⊗L Lψ(πt′)
)
(s,∞′)
∼=
(
R(f × id∞′)∗RΦη
∞
′
(
pr∗1K ⊗L (f × idP1
(∞′)
)∗Lψ(πt′)
))
(s,∞′)
.
Applying Lemma 3.1 to the complex Rf∗K on S, we get
RΦη
∞
′
(
p∗1Rf∗K ⊗L Lψ(πt′)
) ∼= RΦη
∞
′
(
p∗1j!RΦ(Rf∗K)⊗L Lψ(πt′)
)
.
So we get a canonical isomorphism
RΦη
∞
′
(
p∗1j!RΦ
(
Rf∗K
)⊗L Lψ(πt′)
)
(s,∞′)
∼=
(
R(f × id∞′)∗RΦη
∞
′
(
pr∗1K ⊗L (f × idP1
(∞′)
)∗Lψ(πt′)
))
(s,∞′)
.
(4)
By the proper base change theorem and lemma 1.1, we have
RΦ
(
Rf∗K
) ∼= Rfs∗(RΦf (K))
∼=
⊕
x∈A
(RΦf (K))x.
By Lemma 2.1 (i) that we have shown at the beginning of this section, we have
(
R(f × id∞′)∗RΦη
∞
′
(
pr∗1K ⊗L (f × idP1
(∞′)
)∗Lψ(πt′)
))
(s,∞′)
∼=
⊕
x∈A
RΦη
∞
′
(
pr∗1K ⊗L (f × idP1
(∞′)
)∗Lψ(πt′)
)
(x,∞′)
.
So we can write the isomorphism (4) as
⊕
x∈A
RΦη
∞
′
(
p∗1j!(RΦf (K))x ⊗L Lψ(πt′)
)
(s,∞′)
∼=
⊕
x∈A
RΦη
∞
′
(
pr∗1K ⊗L (f × idP1
(∞′)
)∗Lψ(πt′)
)
(x,∞′)
.
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This last isomorphism coincides with the morphism induced by the canonical morphisms (3)
RΦη
∞
′
(
p∗1j!(RΦf (K))x ⊗L Lψ(πt′)
)
(s,∞′)
→ RΦη
∞
′
(
pr∗1K ⊗L (f × idP1
(∞′)
)∗Lψ(πt′)
)
(x,∞′)
.
It follows that these canonical morphisms are isomorphisms.
We are now ready to prove Lemma 2.1 (ii) and (iv).
Proof of Lemma 2.1 (ii) and (iv). The canonical morphism (3) defined before Lemma 3.3
RΦη
∞
′
(
p∗1
(
j!(RΦg(K))y
)⊗L Lψ(πt′)
)
(s,∞′)
→ RΦη
∞
′
(
pr∗1K ⊗L (g × idP1
(∞′)
)∗Lψ(πt′)
)
(y,∞)
commutes with the base change on the trait S. By [3, Th. finitude 3.7], to prove this canonical
morphism is an isomorphism, we can reduce to the case where k is algebraically closed and S =
Spec k[[π]]. By [5, XVI 2.5], there exist a smooth projective variety Z over k, a morphism h : Z → P1k
smooth outside a finite set of closed points in Z, and a closed point z of Z such that h(z) = 0 and that
there exists an S-isomorphism between the henselization of Y at y, and the henselization of Z ×P1
k
S
at z, where S is regarded as a P1k-scheme by identifying S with the completion of P
1
k at 0. To prove
the canonical morphism (3) is an isomorphism is a problem local with respect to the etale topology.
So we may reduce to the case where Y is an open subscheme of X = Z ×P1
k
S, y = z, and g : Y → S
is induced by the projection f : X = Z ×P1
k
S → S. The morphism f : X → S is projective, and is
smooth at points in f−1(s)−A for a finite set A of closed points in f−1(s). Our assertion then follows
from Lemma 3.3.
4 Questions and conjectures
Deligne makes the following conjecture ([2]):
Conjecture 4.1. Let Λ be a noetherian torsion ring with the property that mΛ = 0 for some integer
m relatively prime to p. let S1, S2, S be henselian traits over Spec k of equal characteristic p, all with
residue field k, let s1, s2, s be their closed points, and let a : S1 ×k S2 → S be a k-morphism such
that a(s1, s2) = s and such that a(·, s2) : S1 → S and a(s1, ·) : S2 → S are isomorphisms. For each i,
let fi : Xi → Si be a morphism of finite type, let xi be a k-rational point in the special fiber such that
fi|Xi−xi is smooth, and let Ki ∈ obDbctf (Xi,Z/ℓm) such that Hq(Ki)|Xi−xi are locally constant for
all q. (Or more optimistically, one can just assume Ki is universally locally acylic outside xi relative
to fi.) Let ηi be the generic point of Si, and let ji : ηi →֒ Si be the canonical open immersion.
(i) Under the above conditions, a◦ (f1× f2) is locally acyclic relative to K1⊠LK2 outside (x1, x2),
and hence the vanishing cycles complex RΦa◦(f1×f2)(K1⊠
LK2) relative to the morphism a ◦ (f1× f2)
is supported at (x1, x2). (Confer [3, Th. finitude 2.12] for the definition of local acyclicity.)
(ii) There is a canonical isomorphism
RΦa
(
j1!
(
(RΦf1(K1))x1
)
⊠
L j2!
(
(RΦf2(K2))x2
))
(s1,s2)
∼=
(
RΦa◦(f1×f2)(K1 ⊠
L K2)
)
(x1,x2)
,
17
where (RΦfi(Ki))xi (i = 1, 2) are complexes of Λ-modules with Gal(η¯i/ηi)-action and are regarded as
objects in Dbctf(ηi,Λ).
Due to the use of the Deligne-Fourier transformation, the method used in this paper is not ap-
plicable to solve the conjecture unless a is directly related to the addition of the algebraic group A1k.
Moreover, our method works only in characteristic p. Another problem that is not treated in the
paper is how the Thom-Sebastiani theorem behaves with respect to the variation morphism. This
problem over C is treated by Deligne [1] by topological methods.
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